Towards new schemes: A Lie-group approach of the CBKDV and its derived
  equations by Hoarau, Emma & David, Claire
ar
X
iv
:0
80
3.
01
35
v1
  [
ma
th.
AP
]  
2 M
ar 
20
08
Manusript submitted to Website: http://AIMsienes.org
AIMS' Journals
Volume X, Number 0X, XX 200X pp. XXX
TOWARDS NEW SCHEMES: A LIE-GROUP APPROACH
OF THE CBKDV AND ITS DERIVED EQUATIONS
Emma Hoarau †, Claire David ††
† ONERA, Département de Simulation Numérique et Aéroaoustique (DSNA),
BP 72, 29 avenue de la division Leler
92322 Châtillon Cedex, Frane
†† Université Pierre et Marie Curie-Paris 6
Institut Jean Le Rond d'Alembert, UMR CNRS 7190
Boîte ourrier n0162
4 plae Jussieu, 75252 Paris, edex 05, Frane
(Communiated by Aim Sienes)
Abstrat. The aim of this paper is to propose methods that enable us to
build new numerial shemes, whih preserve the Lie symmetries of the original
dierential equations. To this purpose, the ompound Burgers-Korteweg-de
Vries (CBKDV ) equation is onsidered. The partiular ase of the Burgers
equation is taken as a numerial example, and the resulting semi-invariant
sheme is exposed.
1. Introdution. Finite dierene equations used to approximate the solutions of
a dierential equation generally do not respet the symmetries of the original equa-
tion, and an lead to inaurate numerial results. Usually, spei equations are
onsidered, for whih the authors build a sheme preserving the symmetries of the
original dierential equation. Yet, it is more interesting to diretly onsider a lass
of dierential equations, in order to obtain more general results.
Using the work of Yanenko [4℄ and Shokin [3℄, who applied the Lie group theory to
nite dierene equations by means of the dierential approximation, in onjuntion
with the approah of Ames et al. [8℄, we generalize results developed in [1℄, [2℄, and
expose the invariane ondition for a dierential approximation of the CBKDV
equation. A numerial example, in the partiular ase of the Burgers equation, is
developed.
2. Notion of symmetry.
2.1. Denitions.
Denition 2.1. A r-parameter Lie group is a r-dimensional smooth manifold Gr,
whih has the group properties, suh that the group operation of multipliation and
inversion are smooth maps.
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Espeially, a Lie group Gr is dened as a group of ontinuous transformations whih
at on an open subset of the Eulidean spae R
k
of variables, whih hange under
the ation of Gr. We presently onentrate on a loal group, the transformations
of whih are lose to the identity transformation.
Denition 2.2. A r-parameter Lie group Gr is a group of point transformations,
whih ats on X × U , the spae of the independent variables and the dependent
ones:
Gr = {x
∗
i = φi(x, u, a); u
∗
j = ϕj(x, u, a), i = 1, . . . ,m; j = 1, . . . , n; a = (a1, . . . , ar)} (1)
where x ∈ X ⊂ Rm and u ∈ U ⊂ Rn.
Gr loally satises the group axioms: existene of an identity element, assoiativity,
inversibility, losure under the binary omposition operation. The transformation
orresponding to a zero parameter is the identity transformation.
Expand the transformations by means of a Taylor series at the zero value of the
parameter a:
x∗i = xi + aα
∂φi
∂aα
˛˛˛
a=0
+O(a2α), α = 1, . . . , r
u∗j = uj + aα
∂ϕj
∂aα
˛˛˛
a=0
+O(a2α), α = 1, . . . , r (2)
The derivatives of φi and ϕj with respet to the parameter aα are smooth funtions,
alled innitesimals of the group Gr. Denote by ξ
α
i and η
α
j the innitesimals of Gr.
The point transformation group Gr an be represented by means of the operator
Lα:
Lα = ξ
α
i (x, u)
∂
∂xi
+ ηαj (x, u)
∂
∂uj
, i = 1, . . . ,m; j = 1, . . . , n; α = 1, . . . , r (3)
The operators Lα, α = 1, . . . , r are alled the innitesimal operators of Gr.
{Lα, α = 1, . . . , r} represents the set of tangent vetors to the manifold Gr, when
the zero value is assigned to the parameter a. The set is a basis of the Lie-algebra
of the innitesimal operators of Gr, the dimension of whih is the same as the one
of the Lie group Gr.
The knowledge of the Lα enables us to determine the point transformations of the
group Gr by solving the equations:
∂x∗i
∂aα
= ξαi (x
∗, u∗),
∂u∗j
∂aα
= ηαj (x
∗, u∗), i = 1, . . . ,m; j = 1, . . . , n; α = 1, . . . , r (4)
in onjuntion with the initial onditions:
x∗i
˛˛
a=0
= xi; u
∗
j
˛˛
a=0
= uj (5)
Example 2.3. The Galilean transformation group
The Galilean transformations orrespond to time dependent translations of a refer-
ene frame :
G = {T : (x, t, u) 7→ (x∗, t∗, u∗) = (x+ ǫt, t, u+ ǫ)}
where ǫ is the translation onstant veloity.
T and its inverse funtion are ontinuous. The innitesimals funtions of the group
are (ξǫx, ξ
ǫ
t , η
ǫ
u) = (t, 0, 1)
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2.2. Symmetry properties of dierential equations. The notion of symmetry
is a tool for generating new solutions of dierential equations. Let us review the
main aspets of the appliation of the Lie group theory to dierential equations.
Consider a system of lth-order dierential equations:
Fλ
`
x, u, u(k1), u(k1,k2), . . . , u(k1...kl)
´
= 0, λ = 1, . . . , q (6)
Denote by u(k1...kp) the vetor, the omponents of whih are partial derivatives of
order p, namely, u
(k1...kp)
j =
∂puj
∂xk1 ...∂xkp
j = 1, . . . , n and k1, . . . , kp ∈ {1, . . . ,m}.
Denote by x = (x1, . . . , xm) the independent variables, u = (u1, . . . , un) the depen-
dent variables, and (xk1 . . . xkp) a set of elements of the independent variables.
Equation (6) is a subset of X×U (l), a prolongation of the spae X×U to the spae
of the partial derivatives of u with respet to x up to order l. X × U (l), whih is a
smooth manifold, is alled the l-th order jet spae of X × U . In order to take into
aount the derivative terms involved in the dierential equation, the ation of Gr
on X × U needs to be prolonged to the spae of the derivatives of the dependent
variables.
Denote by G˜
(l)
r a r-parameter Lie group of point transformations ating on an open
subset M (l) of the l-th order jet spae X × U (l) of the independent variables x,
dependent variables u and the partial derivatives of u with respet to x.
The lth-prolongation operator of Gr is:
eL(l)α = ξαi (x, u) ∂∂xi + η
α
j (x, u)
∂
∂uj
+ σ
α,(k1)
j
∂
∂uj (k1)
+ · · ·+ σ
α,(k1...kl)
j
∂
∂uj(k1...kl)
, (7)
i = 1, . . . ,m; j = 1, . . . , n; α = 1, . . . , r.
The innitesimal funtions ξαi , η
α
j , σ
α,(k1)
j and σ
α,(k1...ko)
j are given by:
ξαi =
∂φi
∂aα
˛˛˛
a=0
, ηαj =
∂ϕj
∂aα
˛˛˛
a=0
, σ
α,(k1)
j =
Dηαj
Dxk1
−
mX
i=1
∂uj
∂xi
Dξαi
Dxk1
(8)
σ
α,(k1...ko)
j =
Dσ
α,(k1...ko−1)
j
Dxko
−
mX
i=1
∂ouj
∂xi∂xk1 . . . ∂xko−1
Dξαi
Dxko
, o = 2, . . . , l
where:
D
Dxk
=
∂
∂xk
+
nX
j=1
∂uj
∂xk
∂
∂uj
Theorem 2.4. The system of lth-order dierential equations is invariant under the
group G˜
(l)
r if and only if it satises the following innitesimal invariane riterion:
eL(l)α Fλ
˛˛˛
Fλ=0
= 0, α = 1, . . . , r; λ = 1, . . . , q (9)
3. Lie group of a dierential approximation. The symmetry group analysis
of the dierential approximation uses the tehniques of the Lie group theory applied
to dierential equations. The dierential approximations involve step size variable
whih hange under the group ation.
The tehnique of symmetry analysis is not diretly applied to the nite dierene
shemes. It is based on the dierential approximation, whih desribes approxi-
mately the numerial solution behaviour at a referene point of the mesh. Thus the
onept of dierential approximation is a loal objet, whih an not systematially
detet a mesh hange. Despite the loal behaviour of the symmetry group analysis,
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the invariant method based on the dierential approximation has enabled one to
establish interesting properties of symmetry group of nite dierene shemes.
The nite dierene sheme, whih approximates the dierential system (6), an be
written as:
Λλ(x, u, h, Tu) = 0, λ = 1, . . . , q (10)
where h = (h1, h2, . . . , hm) denotes the spae step vetor, and T = (T1, T2, . . . , Tm)
the shift-operator along the axis of the independent variables, dened by:
Ti[u](x1, x2, . . . , xi−1, xi, xi+1, . . . , xm) = u(x1, x2, . . . , xi−1, xi + hi, xi+1, . . . , xm). (11)
Denition 3.1. The dierential system:
Pλ
`
x, u, u(k1), . . . , u(k1...kl′ )
´
= Fλ
`
x, u, u(k1), . . . , u(k1...kl)
´
+
sX
β=1
mX
i=1
(hi)
lβRλi (x, u, u
(k1), . . . , u
(k1...kl′λ,i
)
),
λ = 1, . . . , q; l′ = max(λ,i)l
′
λ,i (12)
is alled the sth-order dierential approximation of the nite dierene sheme
(10). In the spei ase s = 1, the above system is alled the rst dierential
approximation.
The dierential system (3) is obtained from the algebrai system (10) by applying
Taylor series expansion to the omponents of Tu about the point x = (x1, . . . , xm)
and trunating the expansion to a given nite order.
Denote by G′r a group of transformations ating on an open subsetM
′
of X×U×H
the spae of the independent variables, the dependent variables and the step size
variables :
G′r = {x
∗
i = φi(x, u, a); u
∗
j = ϕj(x, u, a); h
∗
i = ψi(x, u, h, a), i = 1, . . . ,m; j = 1, . . . , n} (13)
by Lα
′
the basis innitesimal operator of G′r:
Lα
′ = ξαi (x, u)
∂
∂xi
+ ηαj (x, u)
∂
∂uj
+ ζαi (x, u, h)
∂
∂hi
, α = 1, . . . , r (14)
where ζαi =
∂ψi
∂aα
˛˛˛
a=0
, α = 1, . . . , r
and by G˜
(l′)
r a group of transformation ating on an open subsetM
(l′)
of the spae of
the independent variables, the dependent variables and the step size variables and
the partial derivatives involved in the dierential system . The l′
th
-prolongation
operator of G′r, L˜
(l′)
α an be written as:
eL(l′)α = Lα′ +
nX
j=1
l′X
p=1
σ
α,(k1...kp)
j
∂
∂u
(k1...kp)
j
(15)
Theorem 3.2. The dierential approximation (3) is invariant under the group
G˜
(l′)
r if and only if
eL(l′)α Pλ`(x, u, u(k1), . . . , u(k1...kl′ )´
˛˛˛
Pλ=0
= 0, α = 1, . . . , r; λ = 1, . . . , q (16)
or
heL(l)α Fλ + eL(l′)α
“ sX
β=1
mX
i=1
(hi)
lβRλi
”i˛˛˛
Pλ=0
= 0, α = 1, . . . , r; λ = 1, . . . , q (17)
4. Determination of the innitesimal funtions. The alulation of Lie groups
of dierential equations with penil and paper is tedious and may indue errors. The
size of related equations inreases with the number of the symmetry variables, and
the order of the dierential equations. A large amount of pakages have been re-
ated using software programs with symboli manipulations, suh as Mathematia,
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MACSYMA, Maple, REDUCE, AXIOM, MuPAD. Shwarz [19℄ wrote algorithms for
REDUCE and AXIOM omputer algebra systems, Vu and Carminati [16℄ worked on
DESOLVE, a Maple program, Herod [17℄ and Baumann [18℄ developed Mathematia
programs.
The authors have implemented a Mathematia pakage [1℄, for the determination of
the Lie group of the dierential approximation of one dimensional model equations.
Theorems 2.4 and 3.2, respetively give the algorithmi proedure for the determi-
nation of Lie group of any dierential system and dierential approximation.
The theorem innitesimal invariane riteria involved the independent variables x,
the dependent ones u, produts of the partial derivatives of u with respet to x, the
unknown innitesimal funtions ξαi , and η
α
j , i = 1, . . . ,m; j = 1, . . . , n and their
partial derivatives with respet to x and u.
The partial derivatives of the innitesimal funtions with respet to x and u ome
from the oeients of prolonged Lie algebra vetor eld (8).
Equations (9) and (17) are simplied by means of the onditions (6) and (3). This
simpliation manipulation eliminates some derivatives of u. These equations are
then solved algebrially with respet to the partial derivatives of the dependent
variables, handled as independent variables. Denote by w the vetor, the ompo-
nents of whih are these variables. Sine the whole equation holds for all the w
omponents, eah oeient in front of the produts of the w omponents has to be
zero. This leads to a linear overdetermined system of partial dierential equation,
with respet to the innitesimal funtions, alled the determining equations of the
Lie group of the related dierential system .
The solution of the overdetermined system an be found either by using elementary
methods of the theory of linear partial dierential equations or by using a poly-
nomial form for the innitesimals. The last tehnique provides a linear system of
algebrai equations with respet to the polynomial oeients. But it an not nd
innitesimals with transendal funtions.
The resolution of the determining equations yields expliitly the expression of ξαi ,
ηαj , α = 1, . . . , r, i = 1, . . . ,m, j = 1, . . . , n. Then relations (4) and (5) provide the
alulation of group transformations from the innitesimal expression.
5. Symmetries of the CBKDV equation. The invariane ondition of theorem
2.4, whih enables us to obtain the expression of the innitesimal operators, an be
written as:
L˜
(2)
α F
˛˛˛
ut+αuux+βu2ux+µuxx−suxxx=0
= 0, α = 1, . . . , r; (18)
Equation (18) provides an overdetermined system of linear partial dierential equa-
tions for the innitesimal funtions.
Solving these equations, by means of a symboli alulus tool (Mathematia), pro-
vides the expression of the innitesimal funtions of a two-parameter group:
ξα1 = a0 , ξ
α
2 = b0 , η
α = 0
where a0, b0 are onstants.
The two-dimensional Lie algebra of the group G is generated by the following op-
erators:
L1 =
∂
∂x
, L2 =
∂
∂t
whih respetively orrespond to:
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• the spae translation : (x, t, u, ν) 7−→ (x+ x0, t, u, ν);
• the time translation : (x, t, u, ν) 7−→ (x, t+ t0, u, ν);
x0, t0 are onstants.
It is important to note that, in the ase of partiular ases of the CBKDV equation,
when, for instane, some of the oeients are equal to zero, more symmetries an
be obtained.
6. The spei ase of the Burgers equation. Yanenko [4℄ and Shokin [3℄
symmetry analysis is applied to nite dierene shemes for solving the Burgers
equation. Thus, the symmetries of the Burgers equation, whih are nally broken
by the nite dierene disretization, are determined. The tehniques exposed in
[3℄ and [4℄ enable one to onstrut dierential approximations, whih preserve the
symmetries of the original dierential system. We all the related nite dierene
sheme a semi-invariant sheme, in so far as the invariane ondition is weaker
than the one of the other invariane methods, dened as diret invariane methods.
Indeed, the approah in [3℄ and [4℄ does not deal with the invariane of the algebrai
equations, whih govern the mesh evolution.
The dierential equation has provided important harateristis for numerial shemes,
in the study of numerial stability, dissipation and dispersive property. In [3℄, [4℄
and [8℄, the dierential approximation has been revealed as a pratial and reevable
tool for symmetry analysis of nite dierene sheme.
A omparison is made between the numerial solutions of the Burgers equation for
some standard shemes and the semi-invariant one.
6.1. Symmetries of the Burgers equation. The Burgers equation, whih is a
partiular ase of the CBKDV equation, with α = 1, β = 0, s = 0, µ = −ν, an be
written as:
F(x, t, u, ν, ux, ut, uxx) = ut + u ux − ν uxx = 0 (19)
where ν ≥ 0 is the dynami visosity.
Let us denote by G a group of ontinuous transformations of the Burgers equation
ating on an open subsetM of the spae the independent variables (x, t), the depen-
dent variable u, and the visosity ν. The visosity is taken as a symmetry variable
in order to enable us to take into aount variations of the Reynolds number.
The six-dimensional Lie algebra of the group G is generated by the following oper-
ators:
L1 =
∂
∂x
, L2 =
∂
∂t
, L3 = x
∂
∂x
+ 2t
∂
∂t
− u
∂
∂u
L4 = xt
∂
∂x
+ t2
∂
∂t
+ (−ut+ x)
∂
∂u
, L5 = t
∂
∂x
+
∂
∂u
, L6 = −t
∂
∂t
+ u
∂
∂u
+ ν
∂
∂ν
(20)
whih respetively orrespond to:
• the spae translation : (x, t, u, ν) 7−→ (x+ ǫ1, t, u, ν);
• the time translation : (x, t, u, ν) 7−→ (x, t+ ǫ2, u, ν);
• the dilatation : (x, t, u, ν) 7−→ (ǫ3x, ǫ23t, ǫ
−1
3 u, ν);
• the projetive transformation : (x, t, u, ν) 7−→
“
x
1−ǫ4t
, t
1−ǫ4t
, xǫ4 + u(1 − ǫ4t), ν
”
;
• the Galilean transformation : (x, t, u, ν) 7−→ (x+ ǫ5 t, t, u+ ǫ5, ν);
• the dilatation : (x, t, u, ν) 7−→ (x, ǫ−16 t, ǫ6u, ǫ6ν).
(ǫi)i=1,...,6 are onstants.
As expeted, the Burgers equation, as a partiular form of the CBKDV equation,
admits more symmetries, yieldind a riher Lie algebra.
TOWARDS NEW SCHEMES: A LIE-GROUP APPROACHOF THE CBKDV AND ITS DERIVED EQUATIONS7
6.2. Symmetries of rst dierential approximations. Denote by h the mesh
size, τ the time step, Nx the number of mesh points, Nt the number of time steps,
and uni , i ∈ {0, . . . , Nt}, n ∈ {0, . . . , Nx} the disrete approximation of u(ih, nτ).
In order to shorten the size of the nite dierene sheme expressions, we use the
following notations introdued by Hildebrand in [20℄:
δ(uni ) =
un
i+ 1
2
− un
i− 1
2
h
, µ(uni ) =
un
i+ 1
2
+ un
i− 1
2
2
δ+(uni ) =
uni+1 − u
n
i
h
, δ−(uni ) =
uni − u
n
i−1
h
, Eαuni = u
n
i+α
The Burgers equation an be disretized by means of:
• the FTCS (forward-time and entered-spae) sheme:
un+1i − u
n
i
τ
+
µδ
h
`u2
2
´n
i
− ν
δ2
h2
uni = 0
• the Lax-Wendro sheme:
un+1i − u
n
i
τ
+
µδ
h
`u2
2
´n
i
− ν
δ2
h2
uni + A
n
i = 0
where:
Ani = −
τ
2h2
h
E
1
2 uni δ
+
`u2
2
´n
i
−E−
1
2 uni δ
−
`u2
2
´n
i
i
−
ν2τ
2
h δ4
h4
uni
i
+
ντ
2h3
h
E
1
2 uni δ
2(E
1
2 uni )− E
−
1
2 uni δ
2(E−
1
2 uni )
i
+
ντ
2
hµδ3
h3
`u2
2
´n
i
i
• the Crank-Niolson sheme:
un+1i − u
n
i
τ
+
µδ
h
h`u2
2
´n+1
i
+
`u2
2
´n
i
i
− ν
δ2
h2
[un+1i + u
n
i ] = 0
The linear stability properties and the related orders of approximation are:
• the FTCS sheme: S ≤ 1
2
, CFL ≤ 1, CFL2 ≤ 2S; O(τ, h2)
• the Lax-Wendro sheme: S∗ ≤ 1
2
, CFL ≤ 1; O(τ2, h2)
• the Crank-Niolson sheme: unonditional stability; O(τ2, h2)
where CFL = aτ
h
, S = ντ
h2
and S∗ =
(
ν + ahCFL2
)
τ
h2
.
Consider ui
n
as a funtion of the time step τ , and of the mesh size h, expand it at
a given order by means of its Taylor series, and neglet the o(τα) and o(hβ) terms,
where α and β depend on the order of the shemes. This yields the dierential
representation of the nite dierene equation.
The following dierential representations are obtained:
• for the FTCS sheme:
ut +
1
2
(u2)x − ν uxx +
τ
2
g2 +
h2
12
(u2)xxx −
νh2
12
uxxxx = 0
• for the Lax-Wendro sheme:
ut +
1
2
(u2)x − ν uxx +
τ2
6
g3 +
h2
12
(u2)xxx −
νh2
12
uxxxx = 0
• for the Crank-Niolson sheme:
ut +
1
2
(u2)x − νuxx + τ
2
` g3
6
+
1
4
(g21 + ug2)x −
ν
4
(g2)xx
´
+
h2
12
(u2)xxx −
νh2
12
uxxxx = 0
where g1 = −
`
u2
2
´
x
+ νuxx, g2 =
`
− g1u
´
x
+ ν
`
g1
´
xx
, g3 =
`
− g2u− g21
´
x
+ ν
`
g2
´
xx
Denote by G′ the group of transformations of a rst dierential approximation
ating on an open subset M ′ of the spae of the independent variables (x, t) and
the dependent variable u, the step size variables (h, τ) and the visosity ν.
8 EMMA HOARAU, CLAIRE DAVID
The l′
th
-prolongation of G′ an be written as:
eL′(l′)α = ξα1 ∂∂x + ξα2
∂
∂t
+ ηα
∂
∂u
+
l′X
p=1
σ
α,(k1...kp)
j
∂
∂u
(k1...kp)
j
+ ζα1
∂
∂h
+ ζα2
∂
∂τ
+ θα
∂
∂ν
(21)
where l′ has been dened in denition 3.1.
Theorem 3.2 enables us to obtain the neessary and suient ondition of invari-
ane of the rst dierential approximation P :
eL′(l′)α P
˛˛˛
P=0
= 0 (22)
Theorem 3.2 is applied to the dierential representations of the above shemes.
The resolution of the determining equations of eah rst dierential approximation
yields the 4-parameter group (see [1℄):
ξα1 = a + b x, ξ
α
2 = c+ (2b − d) t, η
α = (−b+ d) u (23)
ζα1 = b h, ζ
α
2 = (2b− d) τ , θ
α = eν
The 4-dimensional Lie algebra of G′ is generated by:
L1 =
∂
∂x
, L2 =
∂
∂t
, L′3 = x
∂
∂x
+ 2t
∂
∂t
− u
∂
∂u
+ h
∂
∂h
+ 2τ
∂
∂τ
L
′
4 = −t
∂
∂t
+ u
∂
∂u
− τ
∂
∂τ
+ ν
∂
∂ν
(24)
These operators are respetively related to:
• the spae translation : (x, t, u, h, τ, ν) 7−→ (x+ ǫ1, t, u, h, τ, ν);
• the time translation : (x, t, u, h, τ, ν) 7−→ (x, t+ ǫ2, u, h, τ, ν);
• the dilatation : (x, t, u, h, τ, ν) 7−→ (ǫ3x, ǫ23t, ǫ
−1
3 u, ǫ3h, ǫ
2
3τ, ν);
• the dilatation : (x, t, u, h, τ, ν) 7−→ (x, ǫ−14 t, ǫ4u, h, ǫ
−1
4 τ, ǫ4ν);
where (ǫi)i=1,...,4 are onstants.
The above nite dierene equations are preserved by the spae translation, the
time translation and both dilatations.
Approximating the Burgers equation by the above nite dierene equations results
in the loss of the projetive and Galilean transformations.
6.3. A semi-invariant sheme. Two analogous methods provide a diret sym-
metry analysis of nite dierene shemes and an lead to the denition of adapted
evolutionary meshes, whose geometrial struture is preserved by the entire group.
The rst diret method has been introdued by Dorodnitsyn [11℄ and is based on
Lie algebra tehniques, using the innitesimal operators. The seond method has
been introdued by Olver [9℄ and is based on the theory of the Cartan moving frame.
The method proposed by Yanenko [4℄ and Shokin [3℄ onsists of a symmetry study
of the dierential approximation. Although the last method is not fully exat, the
numerial results in [3℄ and [8℄ has proved its eetiveness.
The sheme proposed below is assoiated to an uniform orthogonal mesh.
We propose to approximate the Burgers equation by the nite dierene sheme:
un+1i − u
n
i
τ
+
1
h
`
µδ −
µδ3
6
´`u2
2
´n
i
− ν
1
h2
`
δ2 −
δ4
12
´
(uni )− h
“
Ωn
i+ 1
2
δ+ −Ωn
i− 1
2
δ−
”
uni = 0 (25)
where Ωni = Ω(xi, tn, u
n
i ) is dened next so that the related dierential represen-
tation is preserved by the symmetries of the Burgers equation. The sheme has
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seond-order auray in spae and rst-order auray in time. The derivatives
(u2)x and uxx are approximated by fourth order auray dierene expressions:
`µδ
h
−
µδ3
6h
´
(uni ) =
`
ux −
h4
30
u5x
´n
i
+O(h6),
` δ2
h2
−
δ4
12h2
´
(uni ) =
`
uxx −
h4
90
u6x
´n
i
+O(h6) (26)
The trunation error of the dierene sheme (25) an be written as:
ǫ =
τ
2
utt − h
2
“
Ωux
”
x
+O(τ2) +O(h4)
utt is replaed by an expression involving partial derivatives with respet to x, by
using the Burgers equation. Replaing the obtained expression in the trunation
error leads to:
ǫ =
“
Cux
”
x
−
ντ
2
“
uuxx
”
x
−
ντ
2
`u2
2
´
xxx
+
ν2τ
2
uxxxx +O(τ
2) +O(h4)
where C = τ2u
2 − h2Ω.
It is onvenient for the alulation of C that the trunation error is redued to:
ǫ =
“
Cux
”
x
+O(τ2) +O(h4)
The related nite dierene sheme is the following rst order auray in time and
seond order auray in spae:
un+1i − u
n
i
τ
+
1
h
`
µδ −
µδ3
6
´`u2
2
´n
i
− ν
1
h2
`
δ2 −
δ4
12
´
(uni )− h
“
Ωn
i+ 1
2
δ+ − Ωn
i− 1
2
δ−
”
uni
+
ντ
2
“
un
i+ 1
2
µδ2
h2
(un
i+ 1
2
)− un
i− 1
2
µδ2
h2
(un
i− 1
2
)
”
−
ν2τ
2
δ4
h4
uni +
ντ
2
µδ3
h3
`u2
2
´n
i
= 0 (27)
and the dierential approximation an be written as:
P(x, t, u, ν, ux, ut, uxx) = ut + u ux − ν uxx + (Cux)x = 0 (28)
The von Neumann stability analysis of sheme (27) under a linearized form provides
the following neessary onditions for S, CFL and Ωτ = Ωτ :
CFL2 − 2S − 2Ωτ ≤ 0, 0 ≤ (4S)/3 − 2S
2 + Ωτ ≤ 1/2 (29)
If Ω is suiently lose to zero, these onditions beome then suient for the
linear formulation.
6.4. Numerial appliation. The artiial visosity term (Cux)x is build so as
to preserve the symmetries of the Burgers equation. C is funtion of (x, t, u, τ, h).
The Burgers equation is solved numerially for the semi-invariant sheme, and the
lassial shemes mentioned above. The numerial solutions are determined in the
frame (F1), with an uniform and orthogonal mesh, in the frame (F2) and (F3),
whih are respetively obtained with the Galilean transformation (x, t, u, ν) 7−→
(x + 0.25 t, t, u + 0.25, ν) and a higher translation veloity (x, t, u, ν) 7−→ (x +
0.5 t, t, u+0.5, ν). In (F2) and (F3) the orthogonality of the mesh is not preserved.
The parameters, whih ontrol the numerial stability, i.e. the CFL number and the
ell Reynolds number, are preserved by the Galilean transformation. Any hange of
the frame does not modify their value. These parameters satisfy the linear stability
onditions, whih are suient for all the numerial appliations realized below.
Figures 1 display the time evolution, of the L2 norm of the error, for the above
numerial shemes, in the dierent frames. A shok wave type solution is initially
introdued. The CFL and the ell Reynolds number are respetively equal to 4
and 0.5. Non-invariant shemes are sensitive to the hange of frame. Thus, the
numerial error of the FTCS sheme osillates after the appliation of a translation
with a veloity of 0.25. It inreases sharply after a translation with a veloity of 0.5.
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Figure 1. Evolution in time of the L2 norm of the error in (F1), (F2), (F3) when
Reh = 4.0, CFL = 0.5
The linear numerial stability is satised, though the disretization parameters of
the CFL and the ell Reynolds numbers are situated on the boundary between the
region where the solutions rapidly blow up and the one where the solutions remain
bounded for ertain time steps. The introdution of an additional error due to the
loss of the Galilean transformation leads to the numerial solution blow-up.
We notie the dependene of numerial error, for the semi-invariant sheme, upon
the frame. The hange of the frame auses the apparition of slight osillations.
Figures 2 display the time evolution, of the L2 norm of the error, for the above
numerial shemes, in the same frames. This time, a wavy solution is initially
introdued. The CFL number and the ell Reynolds number are respetively equal
to 0.2 and 0.06. We learly notie the dependene of numerial error, for the four
numerial sheme, upon the frame.
7. Conlusion. Starting from the general CBKDV equation, we have set methods
that enable us to build new numerial shemes. The appliation to the Burgers
equation an be seen as a restrited ase of the CBKDV equation.
The invariane method based on the dierential approximation does not enable us
to build shemes, whih are rigorously invariant under the ation of the group of the
original equations. Like in the ase of lassial nite dierene methods for aerody-
namis, the method based on the dierential approximation breaks the symmetries,
whih at on the independent variables, and transform the geometrial properties
of the mesh. This symmetry ation is observed for the Galilean transformation and
has been applied for the numerial resolution of the Burgers equation. Under the
ation of the Galilean transformation, a non-invariant disretization leads to the
loss of the mesh orthogonality.
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Figure 2. Evolution in time of the L2 norm of the error in (F1), (F2), (F3) when
Reh =, CFL =
If, on the one hand, the method based on the dierential approximation would
provide the exat invariane if the higher order terms of the numerial error were
onsidered, it would yield, on the other hand, a sheme too ompliated to be
implemented. In order to preserve rigorously the symmetries, we need to use diret
methods of symmetry analysis of nite dierene shemes, whih take into aount
the transformation of all the nite dierene variables and preserve the geometrial
properties of the mesh.
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